Cluster variation method (CVM) and path probability method (PPM) have generally been employed to study replacive phase transitions in alloy systems. Recently, displacive phase transitions have been explored within the realm of replacive phase transition in the CVM theoretical framework by viewing displaced atoms as different atomic species, i.e., by converting a freedom of atomic displacement to a configurational freedom. The same methodology is applied to the PPM calculations in this work, and the kinetics of displacive phase transition from tetragonal to cubic phases in ZrO2 are investigated as well as their equilibrium states.
I. INTRODUCTION
Phase transition is an important and interesting phenomenon in materials science. There are a variety of phase transitions in metallic alloy systems (e.g., magnetic, configurational, and structural phase transitions), and they have been broadly investigated using various computational approaches, such as molecular dynamics simulation, Monte Carlo method, phase field model, and other statistical mechanics methods, such as the cluster variation method (CVM) 1 which is introduced below. In the statistical mechanics approach, phase stability is analyzed from the free energy, which is generally composed of energy and entropy terms; for example, Helmholtz free energy is defined as F = E − T S, where E is the energy, S is the entropy, and T is the temperature. The CVM is one of the most reliable approaches to formulate configurational entropy by considering a broad range of short-range correlations between different atomic species. The CVM has traditionally been combined with an electronic band structure calculation, or density functional theory (DFT), to determine various materials' properties at finite temperatures without using any experimental data (which is the so-called firstprinciples CVM 2 ). Although a rigid lattice is assumed in conventional CVM calculations ignoring local atomic displacements, the continuous-displacement CVM (CDCVM) 3 enables incorporating local atomic displacements by introducing "quasi-lattice points" around a Bravais lattice point and viewing the atoms displaced into the quasi-lattice point as different atomic species. The idea of CDCVM (i.e., conversion from a freedom of local atomic displacements to configurational freedom) has been extended to magnetic freedoms 4 and collective atomic displacements 2,5 . In the latter application, for example, the displacive phase transition between tetragonal and cubic phases in ZrO 2 is investigated within the scope of replacive transition by regarding upward-and downward-shifted oxygen atoms as different atomic species located on a cubic lattice point.
This idea of conversion of freedom has also been applied to the path probability method (PPM) 6 , which is a natural extension of the CVM to the time domain, by the authors of this work 7 . Although the main atomic migration process in alloy systems is by a vacancy mechanism, a spin-flipping mechanism (or a direct-exchange mechanism) is generally assumed in the PPM because of the huge computational burden of the vacancy mechanism. By treating various kinetic paths in the PPM as cluster probabilities in the CVM (i.e., by converting a freedom of kinetic paths to a configurational freedom), the computational cost in the PPM calculation is significantly reduced, and an atomic relaxation process in Ni 3 Al ordered phase was successfully explored by explicitly considering the vacancy mechanism 7 . In the present study, the kinetics from tetragonal to cubic phase in ZrO 2 as well as their equilibrium states are explored within the CVM and PPM frameworks using the aforementioned methodologies; displacive phase transition is studied within the realm of replacive transition, and path variables in the PPM are treated as cluster probabilities in the CVM. This paper is organized as follows. The methodologies of CVM and PPM are, respectively, described in Secs. II A and II B. The calculated equilibrium states and relaxation paths are shown and discussed in Sec. III. Finally, results of tetragonalcubic phase transitions in ZrO 2 using CVM and PPM calculations with CDCVM are summarized in Sec. IV.
II. THEORY A. Cluster Variation Method
The tetragonal-cubic transition in ZrO 2 has been investigated using the first-principles CVM by one of the authors in reference 2 , where upward-and downwardshifted oxygen atoms along the tetragonal axis are viewed as different atomic species (which are hereafter denoted as A and B atoms, respectively) with fixed zirconium positions. In this methodology, while the tetragonal phase can be described by alternatively displacing oxygen atoms in opposite directions, the cubic phase is realized when the periodicity of the oxygen displacements disappears; thus, this displacive transition can be calculated arXiv:1904.00407v1 [cond-mat.mtrl-sci] 31 Mar 2019 within the theoretical framework of replacive transitions, more specifically as an order-disorder phase transition 2,5 . The same methodology and calculation procedure are followed in the present work, and only the essential points are briefly described below.
By considering a cubic structure composed of O atoms in the environment of Zr atoms (see Fig. 1 ), the total energy, E, of the structure is given within the 1st-nearestneighbor model as
where N is the number of oxygen atoms, Z is the coordination number (Z = 6 for the cubic structure), e αα/αβ/ββ ij and y αα/αβ/ββ ij are, respectively, the 1st-nearest-neighbor pair interaction energies and pair cluster probabilities between i and j atoms in the α-α/α-β/β-β sub-lattice (see Fig. 1 ). In the conventional CVM framework, the pair interaction energies, e αα/αβ/ββ ij , are independent of a sub-lattice. In the displacive calculations, however, they may depend on the sub-lattice. In the case considered here, for example, the pair interaction energy between A (up-shifted) and B (down-shifted) atoms is different between α-α (or β-β) and α-β (or β-α) sublattices, because the atomic displacements lead to different types of displacements (see Fig. 2 ). To distinguish the pair interaction energies, e AB depending on the sublattices, they are, respectively, represented by e z AB and e x,y AB (see Table I ). This difference in the pair energy was not taken into account in the preliminary work 2 , and the calculated tetragonal-cubic transition temperature of approximately 1500 K, was significantly underestimated compared with that of the experimental data, which is approximately 2570 K 8 . The calculated transition temperature is improved using the pair interaction energies shown in Table I , as shown in Sec. III.
The pair interaction energies, e AA , e z AB , and e x,y AB , are extracted from the total energies of the three different oxygen arrangements calculated from the full potential linear augmented plane-wave (FLAPW) 9 , which are shown in Fig. 3 in reference 2 . The extracted pair interaction energies are fitted to a Lennard-Jones type potential:
where a ij , b ij , and c ij are the fitting parameters, and r is the interatomic distance. The fitting parameters are shown in Table II .
The entropy formula for a cubic approximation in the , where x, y, and z denote the x, y, and z axes, respectively. are the respective cluster probabilities of the point, pair, square, and cubic clusters at the sub-lattices, and L(x) ≡ x lnx − x.
The free energy of a system, F = E −T S, is formulated using Eqs. (1) and (3). An equilibrium state of a system is determined by minimizing the free energy with respect to the cluster probabilities and interatomic distances: 
The minimization is achieved by the natural iteration method (NIM) 11 .
B. Path Probability Method
The huge computational burden of the PPM can be significantly reduced by treating the path variables as cluster probabilities in the CVM. Whereas the vacancy mechanism is required for an atomic diffusion process, as in reference 7 , an atomic displacement can be modeled within the mold of the spin-flipping mechanism.
The PPM framework is based on the assumption that a system takes the most probable kinetic path during a relaxation process. The most probable path is determined by maximizing a path probability function (PPF). The PPF, P , is a product of three terms; P = P 1 P 2 P 3 , where P 1 is the probability of spin-flipping, P 2 is the probability of thermal activation for a state change, and P 3 is the number of equivalent paths. The logarithmic expressions of these three terms are written as 
where θ is the spin-flipping probability, ∆t is the time step, X are the respective path variables of the point, pair, square, and cubic clusters in the sub-lattices, which are defined in Table III , and ∆E system is a change in internal energy before and after spin-flippings in ∆t. The spin-flipping frequency, θ, and internal energy change, ∆E system , are written as follows: 
where θ 0 is the attempt frequency, Q is the activation energy, and ∆e αα/αβ/ββ ij are the energy changes of pair interaction energies in ∆t. The maximization of the PPF is performed by the NIM 12 as well as minimization of the free energy in the CVM in Sec. II A.
Note that while the subscripts of cluster probabilities and pair interaction energies indicate atomic species (e.g., x A and e AA ), those of path variables and the change of pair interaction energies represent a type of kinetic path (e.g., X 1 and ∆e 11 ). This indicates that the path variables are treated in the same way as the cluster variables in CVM.
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III. RESULTS AND DISCUSSION
The degree of tetragonality compared to a cubic phase is evaluated using the long-range order (LRO) parameter, η, which is defined as
The LRO parameters at the equilibrium states are shown in Fig. 3 . As can be seen from the results, the transition temperature is estimated to be around 2500 K. This is quite close to the experimental value of 2570 K, unlike the transition temperature reported in reference 2 , where appropriate pair interaction energies are not used for the energy term (see Sec. II A).
It is controversial whether the tetragonal-cubic phase transition in ZrO 2 is first-order or second-order 13 . Although the transition is considered to be weakly secondorder in the preliminary study 2 , the calculated temperature dependence of the LRO parameter shown in Fig. 3 represents a first-order characteristic, i.e., it discontinuously becomes zero. In the preliminary and present calculations, however, only the displacements of oxygen atoms are considered with the fixed tetragonality, c/a, of the lattice composed of zirconium atoms (see Fig. 1 ). It has been noted that the degree of tetragonality also depends on the temperature and plays a role in the mechanism of the transition 13 . Therefore, a more detailed analysis is required for a determination of the order of the tetragonal-cubic phase transition in ZrO 2 within the CVM framework.
The relaxation process for a sample quenched from T 0 = 2000 K to T R = 2400 K is shown in Fig. 4 . It can be seen that the change of the LRO parameter takes place at the initial stage of the relaxation process and the final equilibrium state corresponds to the one independently calculated from the CVM, η ≈ 0.7 (see Fig. 3 ).
Note that the time scales here are normalized by the spin-flipping frequency, θ. Their real time dependence can be determined once the attempt frequency, θ 0 , and the activation energy, Q, are calculated from the elec-tronic band structure calculation, but this is beyond the scope of the present study and will be considered in the future work.
IV. CONCLUSIONS
The displacive transitions from tetragonal to cubic phases in ZrO 2 are investigated using the CVM and PPM. In both methodologies, the idea of CDCVM is employed; i.e., displacive and kinetic freedoms are converted into configurational freedoms. The transition temperature from tetragonal to cubic phase is estimated to be around 2500 K, which is quite close to the experimental data, 2570 K, and the relaxation process is successfully calculated using the PPM.
One of the biggest advantages of the PPM over other kinetic models (e.g., kinetic Monte Carlo and phase field model) is that the calculated relaxation process can be easily scaled using the data determined from an electronic band structure calculation. It has been shown that there is a certain relation between relaxation processes calculated from PPM and phase field model 14 . Thus, it would be possible to incorporate a real time dependence into the phase field simulations by effectively combining with the PPM calculation.
